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ABSTRACT: In this paper we compare two models for calculating the configuration of grafted polymer 
chains at a solid-liquid interface. The first model is the self-consistent field (SCF) polymer adsorption theory 
of Scheutjens and Fleer as extended for end-attached chains. In this approach the equilibrium distribution 
of the polymer is found by averaging the statistical weights of all possible chain conformations that can be 
generated on a lattice. The second model is an analytical SCF theory developed independently by Zhulina, 
Borisov, and Priamitayn and by Milner, Witten, and Cates which predicts the grafted layer structure in the 
case of strong chain stretching. A comparison is made between the results of both theories, and the deviations 
are explained from the assumptions made in the less exact analytical theory. 

1. Introduction 

Polymer chains that are grafted at  one end onto an 
impenetrable surface form a good model for the analysis 
of numerous systems, such as sterically stabilized colloidal 
dispersions, block copolymer surfactants a t  solid-liquid 
and liquid-liquid interfaces, solutions and melts of block 
copolymers under the conditions in which microphases 
are formed, etc. Theoretical analysis of grafted chain layers 
was initiated by the pioneering work of Alexander.' Using 
scaling arguments,l-3 the main features of grafted layers 
were established, particularly the considerable stretching 
of overlapping chains perpendicular to the grafting surface. 
This stretching is greatest for the case of a planar grafted 
layer, so that the thickness of the layer H is proportional 
to N for solvents of various strengths. This scaling 
relationship between the layer thickness and the degree 
of polymerization suggested the picture of a mainly 
homogeneous layer of constant concentration and at  the 
periphery of the layer a rapid decrease of concentration. 

Further progress in the analytical theory of grafted layers 
was attained using the self-consistent field (SCF) approach 
proposed by S e m e n ~ v . ~  This approach is based on 
assuming large stretching of the grafted chains with respect 
to their Gaussian dimension to allow the replacement of 
the set of conformations of a stretched grafted chain by 
their "average trajectory" (the so-called Newton or strong- 
stretching approximation) which significantly simplifies 
the description of the system. This idea was first applied 
by Semenov to dense grafted layers (i.e., layers without 
solvent) and led to a very elegant theory of super structure 
formation in block copolymer melts under strong segre- 
gation conditions. 

This SCF approach was generalized and applied to 
grafted polymer layers immersed in low molecular weight 
solvents676 and solutions or melts of mobile polymers.' 
Many effects were considered, such as the collapse of the 
layer due to a decrease of the solvent strength,8 the poly- 
dispersity of grafted and mobile chains? deformational1° 
and dynamicalll behavior of grafted layers, etc. 

These investigations led to a different picture of the 
grafted layer structure. The polymer concentration de- 
creases monotonically on going from the surface to the 
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outside of the layer. Furthermore, the free chain ends are 
distributed throughout the whole layer. The system 
parameters such as solvent quality, polydispersity, etc., 
appear to strongly influence the shapes of the volume 
fraction profile and the free chain end distribution. 

The development of an analytical theory was accom- 
panied by investigations of grafted layers by Monte Carlo 
~imulations'~-'5 and numerical calculations using a SCF 
lattice mode1,'2:l6 In the latter method, the equilibrium 
concentration profile of the grafted layer is found by 
accounting for all the possible conformations of the 
polymer chains that can be generated on a planar lattice. 
Each conformation is weighted by its Boltzmann prob- 
ability factor. We emphasize that this approach gives exact 
results within the mean field and lattice model approx- 
imations. No further approximations are needed to find 
the equilibrium distribution. Typical computation time 
is on the order of minutes on a desktop workstation. 
Parameters such as molecular weight, grafting density, 
and solvent quality can easily be varied, thus enabling the 
study of the grafted layer structure under various con- 
ditions. Therefore, a detailed comparison with analytical 
predictions is feasible. 

The aim of this paper is a systematic comparison of the 
results obtained by the above-mentioned analytical and 
numerical SCF methods for a planar layer immersed in 
either a pure solvent or a solution of mobile polymer. An 
initial comparison of both approaches for the case of only 
an athermal solvent17 was very promising. In this paper 
we consider a wide range of solvent strengths, including 
very good (better than athermal) and poor solvents. 

The combination of these two different methods for the 
analysis of grafted layers is useful for several reasons. First, 
it provides a better understanding of the structural 
organization of grafted chain layers. Second, it enables 
us to check the validity of the assumptions made in the 
analytical theory, particularly the Newton approximation. 
Furthermore, the establishment of direct relationships 
between the analytical and the numerical results may 
stimulate further development of both models and their 
application to other systems. 

In this paper we shall consider the equilibrium char- 
acteristics of a free, nondeformed planar layer, and its 
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deformational behavior will be considered elsewhere. In 
sections 2 and 3, we summarize the main ideas behind the 
numerical lattice model and analytical SCF theories. 
Section 4 is devoted to the comparison of the results 
obtained by both methods. 
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determined by the change in free energy that takes place 
upon exchanging a solvent molecule in layer z with a single 
polymer segment in the bulk. This change is comprised 
of contributions from the loss of interaction energy, 
-x(@(z)), which is due to the removal of the solvent 
molecule from layer z ,  the gain in energy from interactions 
of the solvent molecule with the bulk solution, XC$~, the 
gain in interaction energy due to the insertion of the 
segment into layer z ,  x ( l  - @ ( z ) ) ,  its loss in interaction 
energy due to its removal from the bulk, -x ( l -  $4, and 
a term for the change in the translational entropy of the 
solvent molecule, In [l - @(z)I - In 11 - @'I. The 
translational entropy of the solvent is included in u(z), 
whereas the entropy of the polymer is accounted for in the 
conformation statistics which are described below. 

We define a segment weighting factor G(z) as 

G(z) = exp(-u(z)/kZ') (3) 
which is a Boltzmann factor of the segment potential in 
layer 2. Detached segments (monomers) would have a 
distribution given by G(z). The intermolecular interac- 
tions are included in u ( z )  within the mean-field approx- 
imation, but in a chain the distribution of a segment is 
also affected by that of all the other segments in the same 
molecule and may depend on its position in the chain. 
The connectivity of the segments is accounted for in the 
end-segment weighting factor G(z,s), defined as the average 
statistical weight of all conformations of an s-mer of which 
the last segment is located in layer z and the first segment 
may be located anywhere in the system. If segment s is 
in layer z ,  segment s - 1 must be located in one of the 
layers z - I ,  z ,  or z + 1. This means that G(z,s) is 
proportional to (G(z,s-l) ), the weighted average of 
statistical weights of (s - 1)-mers of which the last segment 
is in one of the layers z - 1, z ,  or z + 1. The angular brackets 
denote a similar average as defined by eq 2. Furthermore, 
segments in layer z contributes a factor G(z). It is now 
easily seen that a recurrence relation holds which enables 
us to calculate G(z,s) for all values of s: 

2. Self-Consistent Field Lattice Model 

The homopolymer adsorption theory of Scheutjens and 
Fleer'gJg calculates the equilibrium distribution of a 
polymer-solvent system at an interface by taking into 
account all possible conformations, each weighted by its 
Boltzmann probability factor. Cosgrove et a1.12 and H i d 6  
showed that this method can be applied to terminally 
attached chains by restricting the conformations to those 
whose first chain segment is in the layer adjacent to the 
surface. In this section we describe both versions for the 
case of nonadsorbing polymer segments, that is, where 
segments and solvent molecules are assumed to have the 
same affinity for the surface. In this case the polymer 
tends to avoid the surface to minimize the loss of con- 
formational entropy. 

Consider a lattice consisting of M layers, numbered zll  
= 1 , 2 ,  ..., M ,  where z is the distance from the surface and 
1 the thickness of a layer. Layer 1 is the layer adjacent to 
the surface and layer M is in the bulk solution. We assume 
full occupancy of the lattice layers. Each layer consists 
of L lattice sites, each of which accommodates either a 
polymer segment or a solvent molecule. A fraction A0 of 
the surface of a lattice site is in contact with other sites 
in the same layer. Similarly, a fraction A1 is in contact 
with sites in a lower layer and another fraction A1 with 
sites in a higher layer. For a simple cubic lattice, which 
has been used to derive all the results presented in this 
paper, A0 = 2 / 3  and A1 = '/6. The cubic lattice gives an 
equal a priori probability to a bond between two segments 
in any of the four directions parallel to the surface as well 
as to a bond toward the surface or away from the surface. 

Polymer Chains in a Concentration Gradient. We 
first consider the general case of (nongrafted) polymer 
chains and solvent molecules distributed over the lattice. 
The chains are Nsegments long. Within each lattice layer 
a mean-field approximation is applied, so we can write the 
volume fraction profile of segments, 4 ( z ) ,  and solvent 
molecule, 1 - 4(z), as functions of z alone. In the bulk 
solution the polymer concentration is r$b. As mentioned 
above, we assume that there is no net adsorption energy 
of the polymer segments with respect to that of the solvent. 
Nearest-neighbor interactions between polymer segments 
and solvent are accounted for by the Flory-Huggins 
interaction parameter x. Because of the mean-field 
approximation all interactions within a layer are smeared 
out. This means that the potential energy u(z) of a polymer 
segment in layer z relative to that in the bulk is given by 

u(z) /kT  = x(( 1 - 24(2)) - 1 + 24b) - In [l - 4(z)l + 
In [I - 4 b ~  (1) 

where the angular brackets ( ) denote a weighted average 
over three layers, which accounts for the fraction of 
contacts that a segment or solvent molecule has with its 
nearest neighbors in these layers. For example, the average 
volume fraction of nearest-neighbor segments of a site in 
layer z is given by 

(2) 
The segment potential u ( z ) ,  which corresponds to -kT In 
( p i )  in ref 18, is the derivative of the free energy with 
respect to the segment concentration in layer 2; Le., it is 

(d4.2)) = X,b(Z-O + A,4(z) + X,4(z+l) 

(4) 

The sequence is started with G(z,l) = G(z), the statistical 
weight of a monomer. Thus, G(z,s) is calculated for all s 
5 N ,  for a given set of values for u(z). To arrive at our 
goal of finding an expression for the total segment volume 
fraction $(s ,z )  of the sth polymer segment in layer 2, we 
realize that the sth segment of a polymer of N segments 
can be viewed as being simultaneously the end segment 
of an s-mer and of an (N  + 1 - s)-mer. This means that 
the total statistical weight of the chain is given by the 
joint probability that both end segments of the subchains 
are on the same site or, because of the mean-field 
approximation and apart from a factor L,  in the same 
layer. Thus, 4(s,z) becomes 

(5) 
Here, the denominator accounts for the fact that segment 
s is counted twice (belonging to both chain parts). The 
normalization constant C can be obtained in two ways. In 
a closed system the total number n of polymer molecules 
is fixed and C follows from the boundary condition n = 
Lx,$(z,s). This relation is valid for any s, since there are 
n segments s in the system. If we substitute @(z,s) from 
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eq 5 for s = 1 or s = N ,  we obtain 

n 
C =  

Alternatively, C can be expressed in the bulk concentration 
9b, which is especially useful for open systems. In the 
bulk solution b(z,s) must equal c$~/N. Moreover, according 
to eqs 1-3, in the bulk solution, u(z) is zero and all G’s are 
unity. Thus, from eq 5 it follows that 

C = 4b/N (7) 
Finally, the total polymer volume fraction in layer z is 

S 

This volume fraction profile, obtained for a given u(z) 
profile, should be consistent with eq 1 for all values of z. 
This provides a set of M simultaneous equations in M 
unknown variables u(z), which may be solved by the nu- 
merical method (for free as well as grafted chains) given 
in Appendix 1. 

Grafted Chains. Above, we discussed the general case 
of polymer chains which may adopt any possible confor- 
mation. However, if the chains have one of their ends 
attached to the surface, the first segment must be in the 
first layer. Consequently, the generation of chains, using 
eq 4, must start with G,(z,l) (where the subscript g denotes 
grafted) being equal to zero for all z # 1 

and eq 4 is replaced by 

G,(z,s) = (G,(z,s-l))G(z) (10) 
Generally, G,(z,s) I G(z,s) and G,(z,s) is zero for z > s. In 
the chain, segments is the joint between a grafted chain 
of s segments and a nongrafted free chain of N - s + 1 
segments. Equation 4 is still valid for generating the 
conformations starting from the other end of the chain, 
i.e., the chain section from segment N down to s. Thus, 
for grafted chains the equivalent of eq 5 is 

(11) 
The total number n, of grafted polymer chains is fixed by 
the grafting density a = n,/L and determines the value of 
the constant C, according to eq 6. 

Grafted Chains in a Solution of Free Polymer. If 
the grafted layer is immersed in a solution of free polymer 
chains of Nf segments, both the volume fraction profile 
&(z)  of the grafted chains and that of the free chains, 
&(z), are calculated from the same potential energy profile 
u(z). In eq 1 the volume fraction of segments $ ( z )  is given 
by r#~,(z) + &(z). To find the volume fractions of the mobile 
chains, &), eqs 4 and 5 are used, and for the grafted 
chains eqs 9-11 are used. The normalization constant for 
the free polymer is determined by the bulk volume fraction 
(Cf = &‘/Nf) and that of the grafted chains by the grafting 
density (C, = u/ZZG,(z,h9). 

Self-Consistent Field. The volume fraction profiles 
of grafted and free polymer are now given as a function 
of the segment potential profile. In turn, the segment 
potential itself is determined by the volume fraction profile 
(see eq 1). The problem boils down to finding a potential 
profile which is consistent with the volume fraction profile 
that it produces. Mathematically, this is equivalent to 
solving an implicit set of equations for which a numerical 

$,@ = C,G,(z ,SI G (2 ,N-s+ 1 I/  G (2 ) 
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iteration scheme is provided in Appendix 1. 

3. Analytical Theory 
The analytical SCF theory as developed by Zhulina, 

Priamitsyn, and BorisovZ0 and by Milner, Witten, and 
Cates6 predicts the asymptotic behavior of grafted chains 
as the chain length increases. Here we summarize the 
main equations, emphasizing the similarities and differ- 
ences with the lattice model and using the same nomen- 
clature as in the previous section. 

Consider a planar layer of long (Ng >> 1) fully flexible 
polymer chains grafted at one end onto a solid surface 
with relative surface coverage u = n,/L, where ng is the 
total number of chains and L the maximum number of 
chains that could be grafted onto the same surface (12/a 
is the surface area per chain, which is called a in ref 5,  and 
all2 is the number of grafted chains per unit area, which 
is called u by Milner, Witten, and Cates’O). The chain 
thickness 1 (which in this paper is assumed to be equal to 
the Kuhn segment length) corresponds to the lattice 
spacing in the model of the previous section. When the 
grafted chains are strongly stretched with respect to their 
Gaussian dimension, Ro = l d N ,  the free energy, A ,  of the 
system can be written as 
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The first term in this equation represents the contribution 
from the elastic chain stretching in the layer. It is 
determined by the function E(z(z’,N) = dzlds, which gives 
the local stretching of a chain at  distance z from the surface 
when its free end is located at z‘ > z ,  and by the volume 
fraction profile of free chain ends 4,(z’JV). For a given 
free chain end location z’, the other segments in the chain 
are assumed to take the most probable path from the 
grafting surface to z’. The chain stretching function 
E(z(z’,N) determines the position z ( s )  of every segment, 
or, equivalently, l/E(z(z’,N) gives the segment density of 
the chain at  z when its free end is a t  2’. In the lattice 
model there any many conformations for a chain grafted 
with one end to the surface and with its other end at some 
specified location. Each segment except the first one is 
not specifically located in one layer but has a density 
distribution given by eq 5. However, the average value of 
z(s), which follows from the volume fraction profile @(z,s) 
of segment s, is 

” 

J.z@(z,s) dz 

$ W s )  dz z 
Z ( S )  = = u-’Jz@(z,s) dz/l (13) 

2 

Assuming that the most probable path may be approxi- 
mated by the average path, the chain stretching function 
E(zlz’,N) can now be expressed in lattice model parameters 
as 

The second term in eq 12 accounts for the free energy of 
mixing the grafted chains with the other molecules in the 
system, f [4(z)3 being the free energy density of mixing 
and $(z)  the volume fraction of grafted polymer at  height 
z from the surface. 

Taking into account the three additional conditions 
below, one can derive the equilibrium volume fraction 
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profile 4 g ( z ) ,  the free chain end volume fraction profile 
$g(z ’ ,N) ,  the local chain stretching E(zlz’,N), and the 
thickness H of the grafted layer. The first two conditions 
are 

Macromolecules, Vol. 25, No. 10, 1992 

and 

(16) 

and the third one is the relationship between 4g(z) ,  4g(z’,A9, 
and E(zlz’,N) which expresses that the total volume 
fraction at z is the integral over z’ of all contributions by 
chains ending at z’: 

In ref 20 the derivation is carried out by minimizing the 
free energy function A of eq 12 under these constraints, 
using Lagrange’s method of undetermined multipliers. 
This results in an expression for E(zJz’,N) that does not 
depend on the character of the interactions in the layer 
and is given by 

E(zlz’,N) = Z ( z ’ ’  - z2)l/’ (for 0 5 z I H) (18) 
2 4  

The chains are stretched inhomogeneously; that is, their 
stretching is greatest near the grafting surface and zero at  
the free chain end. The volume fraction profile @(z) follows 
from the potential field u(z), which is given by the equation 

where the numerical constant A is a Lagrange multiplier 
defining the reference potential of u(z). If we give A a 
value such that the potential is zero in the bulk, then eq 
19 defines the potential analogously to eq 1. The shape 
of the potential profile u(z) is parabolic and a function 
only of N1, the contour length of the chain, but independent 
of interactions and grafting density. Milner, Witten, and 
Cates6 have pointed out the equivalence between following 
the grafted chain from its free end toward the surface, 
arriving after a fixed number of segments independent of 
the position z’ of the free end, and following a classical 
particle in harmonic oscillation which moves from its 
maximum displacement z’ to the center in a time inde- 
pendent of the amplitude z’ and with velocity E(zlz’,N). 
In both cases the potential energy profile is parabolic. 

The shape of the volume fraction profile is not yet 
determined once u(z)  is found, for it also depends on the 
exact form of f [ $ ( z ) ] .  The free energy of mixing can be 
written as a Flory type of free energy of mixing 

fl4(z)l = [ l -  4(2)1 In 11 - 4(z)l + x4(z) [ l -  4(z)l (20) 

where x is the Flory-Huggins interaction parameter. The 
usual contribution of the translational entropy of the 
polymer chains to the free energy is absent because of the 
chains being grafted. Substitution of eq 20 into eq 19 
gives the following relation between the potential and the 

volume fraction profile: 

u ( z ) / k T =  

The expression for u(z) also follows directly from eq 1 by 
putting 4b = 0 (all the polymer is grafted so there is no 
polymer in the bulk) and ( $ ( z ) )  = 4(z). In the analytical 
approach the difference between the segment site volume 
fraction and the average volume fraction of nearest- 
neighbor segments is neglected. Thus, ( 4 ( z ) )  = #(z )  + 
Xl@(z+l) - 4(z)J - Xl@(z) - 4(z-1)) in the analytical theory 
is 

(22) 
As we show below in Figure 4, this approximation does 
not lead to large discrepancies as long as the curvature of 
the volume fraction profile is small. The value of the nu- 
merical constant A can be found from the boundary 
condition at the periphery of the layer. For a 0-solvent 
or better than 0-solvent (x I 0.51, 4(H) = 0, while in a 
worse than 0-solvent (x > 0.5), 4(H) = $’bl where qYb is 
the equilibrium concentration on the coexistence curve 
forthelimitN- m (seealsoref 21). Within theframework 
of the Flory approximation qYb is obtained from the 
condition 

ApL,/kT = In (1 - 4’b) + 41b + ~ ( 4 ’ ~ ) ’  = 0 (23) 
where Awl is the chemical potential of the solvent molecules 
in the concentrated phase with respect to that in the dilute 
phase which is pure solvent. Introducing the reduced 
coordinate t = z/H and average volume fraction 4 of 
polymer in the grafted layer 

4 = Jo14(t) dt = Ng&H 

(4(z)) = 4(z) + X1d24(Z)/dZ2 

(24) 

we obtain the final equation for the profile 4 ( z )  

@(t) = 0 if t > 1 (25) 
where qSb = 0 for x I 0.5 and qSb is given by eq 23 for x 
L 0.5. The left-hand side of eq 25 is just the expression 
for u(z) when c $ ~  = @’b (assuming ( 4 ( z ) )  = +(z)). When 
qYb = 0, eq 25 reduces to eq 21. For worse than 0-solvents 
the volume fraction profile drops from 4 ( z )  = 4’b to #(z )  
= 0 at  the periphery of the layer. This is accompanied by 
a discontinuity in the segment potential a t  this point which 
corresponds to the difference between the segment po- 
tential in a solution of concentration 4’b (Le., In (1 - 4’b) 
+ 2 ~ 4 ’ ~ ;  see eq 21) and that in the bulk of pure solvent 
(i.e., zero). 

In Appendix 2 a simple numerical method is given by 
which #(t)  can be obtained from eq 25 for a given 
combination of x and u. 

Finally, the free chain end volume fraction profile 
@g(z’JV) is obtained by inversion of the integral relationship 
in eq 17, where the functions E(z1z’JV) and &(z)  are given 
by eqs 18 and 25, respectively. 

Virial Expansion. For low grafting densities (4(t)  << 
1) the logarithm of eq 20 can be expanded with retention 
of terms of order $2 and O3 to express the free energy 
function f [ 4 ( 2 ) 3  in terms of the virial coefficients u = 0.5 
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Figure 1. Swelling coefficient a versus the volume interaction 
parameter p according to eq 31, based on a truncated virial 
expansion, and as calculated from the more exact eq 25 for grafting 
densities u = 0.1 and 0.01. 

- x and w = l /6:  

f[4(z)i = u ~ ~ ( z )  + w ~ ~ ( z )  (26) 
This approximation leads to less precise results, but it 
enables us to find relatively simple expressions for various 
grafted layer  characteristic^.^ Expanding eqs 23 and 25 
to powers of $(t)  gives the corresponding equations for 
the profiles 4(t)  and coexistence concentration qYb = -u/ 
2w. For the particular cases of an athermal and a 8-solvent 
the profiles are given by 

i(1- t2)  if 0 I t I 1  and x = 0 

(27) 

The corresponding thicknesses of the layer are 

The inversion of the integral relationship in eq 17 gives 
the following expressions for the free chain end volume 
fraction profile 4g(t,N): 

3at ( l -  t2)1/2 if 0 I t I 1 and x = 0 
4,(t,N) = 2at if 0 I t I 1 and x = 0.5 (29) 

In ref 5 it was shown that for low grafting densities the 
swelling coefficient CY of the layer, defined as CY = H(x=O)/  
H(x=0.5) ,  is a universal function of the parameter 

p = !-?(2w3a2)-1/4 (30) 

independent of the molecular weight of the grafted chains. 
The parameter /3 depends both on the solvent strength 
and on the grafting density. The relationship between CY 
and @ is given by 

10 i f t > l  

- E + (1 + 5 )  arctan (;) x I 0.5 

- 5 + ( + d ,  P2 arctan (5)  x > 0.5 

(31) 

In Figure 1 the function a(0) is plotted as given by eq 31. 
The curve passes through the point (0,l) a t  the 8-tem- 
perature, where 0 = 0 (since u = 0) and CY = 1 by definition. 
As expected, in worse than 8-solvents (0 < 0) the swelling 
coefficient CY is smaller than unity, while in good solvents 
(0 > 0) the polymer layer is thicker than in a 8-solvent. 
In most cases the swelling deviates by less than a factor 
of 2 from that in a €)-solvent. For comparison, Figure 1 
also shows the curves for grafting densities u = 0.01 and 
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a = 0.1 that have been calculated directly from eq 25 
without using the virial expansion. In the first curve only 
pair and ternary interactions are taken into account; in 
the latter two curves all higher order interactions are also 
accounted for. For high grafting densities these higher 
order interactions, which oppose the variation in swelling, 
become more important. For a = 0.1 the approximation 
of a(@) given by eq 31 is much worse than that for a = 0.01. 
Clearly, eqs 26-31 lose validity for high grafting densities. 
In the next section we present and compare results from 
the lattice model and from the analytical theory using the 
full expression for f[$(z)]. 

Grafted Chains in a Polymer Solution. To conclude 
this section, we briefly summarize the results for a grafted 
layer immersed in a solution of short mobile polymer chains 
with a degree of polymerization Nf << Ng and a volume 
fraction profile denoted by 4f(z). Now, the free energy of 
mixing depends on both profiles, 4g(z)  and &(z).  Instead 
of eq 19 we have two simultaneous equations: 

and 

with 

(33) 

(34) 

The numerical constants Ag and Af are obtained from the 
boundary conditions. For the simplest case of grafted 
and mobile polymers of the same monomer type in an 
athermal solvent 

In [ I -  dJf(t) - d,(t)l (35) 
With the boundary conditions &(II) = 0 and &(H) = 4: 
(where 4; is the bulk concentration of the mobile polymer) 
the solution of eqs 32 and 33 is 

(1 - &[I - exp(-K2(1 - t2)j] + 
&1- exp(-K2(1 - t2)Nf)] if 0 I t I 1 

(36) 
i f t > l  

exp(-p( l  - t2)Nf] if 0 I t I 1 
(37) i f t > l  

No simple algebraic expression for H is available. How- 
ever, the layer height is completely determined by eqs 34 
and 36 and can easily be found numerically from the 
equation J - J:=&(t) dt = 0 for given values of $$’, Ng, and 
N f .  The volume fraction profile $,(z’,N) of free ends of 
the grafted chains is given by the equation 

&Nf)”2D( (K2( 1 - t2)  N,) ‘’2)] (38) 
where 

is the Dawson integral. 
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Figure 2. Volume fraction profile4(z) according to the analytical 
theory (dashed curve) and the lattice model (solid curve). 
Parameters: N g  = 600, u = 0.1, x = 0. 
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Figure 3. Volume fraction 4 versus reduced height t = z / H  
according to the analytical theory (dashed curve) and the lattice 
model for NB = 600, 100, 50, and 25 (solid curves, in order of 
increasing deviation from the dashed curve): (A) x = -1, (B) x 
= 0, (C) x = 0.5, (D) x = 1. The grafting density u is 0.1. 

4. Comparison of Results from the Two Theories 
In all the figures of this section the solid curves represent 

results obtained by the lattice model while the dashed 
curves show the asymptotic predictions of the analytical 
theory. The analytical profiles have been calculated by 
solving eq 25 for given values of u and x. 

Figure 2 shows the volume fraction profile of a grafted 
polymer of 600 segments in an athermal solvent. The 
grafting density is 0.1; i.e., a polymer chain emerges from 
10% of the surface sites. The very good agreement between 
the analytical predictions and the lattice calculations is 
striking. Only very close to the grafting surface and at  the 
outer boundary of the grafted layer does a small difference 
between both curves occur. The lattice calculation shows 
a depletion zone at  the grafting surface. Such a zone was 
previously seen in Monte Carlo simu1ation~'~J~ and has 
also been observed by neutron scattering experiments.22 
The presence of the grafting surface restricts the confor- 
mational freedom of the polymer. This effect is neglected 
in the analytical theory. At  the other side of the polymer 
layer the lattice calculation shows a "foot" protruding into 
the solution whereas the analytical theory predicts that 
the slope of the profile becomes monotonically steeper 
with increasing distance. This foot is an exponential decay 
of the segment density profile, caused by the fact that 
fluctuations of the average trajectory are large near the 
chain end where the chain stretching is weak.23~24 

Figure 3 shows volume fraction profiles for different 
molecular weights of grafted polymer in a very good solvent 
(x = -1; Figure 3A), an athermal solvent (Figure 3B), a 
@-solvent (Figure 3C), and a bad solvent (x = 1; Figure 
3D). In all cases the same (high) grafting density of u = 
0.1 has been used. The volume fractions are plotted as a 

0 2  I 

0 -  L a. 
0 t l 5  

Figure 4. Effect of neglecting the curvature of the segment 
density profile when calculating the nearest-neighbor interactions. 
The segment density profiles of C (x = 0.5) and D (x = 1) of 
Figure 3 for Ng = 100 are reproduced in graphs A and B, 
respectively, and a second solid curve in each graph represents 
the result when in the lattice calculations (1 - 2442)) in eq 1 is 
replaced by 1 - 2$(2). In A the two solid curves virtually coincide. 
In B the latter curve is slightly more in agreement with the 
analytical prediction (dashed curve) where the same approxi- 
mation is made. 

0 5  1 t o  0 5  

function of the reduced height t = z / H ,  where the layer 
height H is taken from the analytical theory, using only 
eqs 24 and 25. This enables the comparison of profiles for 
different chain lengths N g  under the same conditions. 

According to the analytical theory, +(t) is independent 
of Ng. However, in agreement with Monte Carlo simu- 
l a t i o n ~ , ~ ~  Figure 3 shows that this is not valid for short 
chains. The shorter the chain length, the more the lattice 
model deviates from the analytical theory. Here the effect 
of the assumption made in the theoretical derivations that 
N >> 1 is expressed. For all solvent strengths an increase 
in the chain length leads to a better agreement between 
both approaches. For a given chain length, increasing the 
solvent quality also leads to a better agreement. In a better 
solvent, the grafted layer is more strongly stretched. In 
a poorer solvent the layer is more dense, so that the 
unfavorable interactions between polymer segments and 
solvent molecules are reduced. In other words, the New- 
ton approximation, which assumes strong stretching, is 
more valid in the case of a good solvent than for a poor 
solvent. Following parts A-D of Figure 3 for a fixed chain 
length, the breakdown of the Newton approximation 
becomes apparent. The deviation is largest in Figure 3D, 
for x = 1, where the analytical theory predicts a drop in 
the segment density profile at t = 1, whereas the lattice 
calculations reveal a more gradual decrease in segment 
density, especially for the short chains. However, in all 
cases the analytical theory seems to predict the asymptotic 
behavior for N - m exactly. It is also worth noting that 
recent data from neutron scattering experiments on a 
grafted layer in a bad solvent are well described using a 
step function for the segment density profile.25 

There is another effect which contributes to the devi- 
ations, especially in poor solvents. In the analytical theory 
it is assumed that the volume fraction 4 ( z )  of the segments 
at position z is the same as (4(z)),  the average volume 
fraction of their nearest neighbors, whereas in the lattice 
model these quantities are distinguished; see eq 2. For 
weak curvatures of the volume fraction profile (good 
solvent, large N g )  the difference between @ ( z )  and (#I(%)) 
is not great, as 4 k - 1 )  + @(z+l) = 2 4 ( z ) ,  but for strong 
curvatures a more significant effect on the results is to be 
expected. This effect can be quantified by introducing 
the same assumption into the lattice model. This means 
replacing (1 - 2 4 ( z ) )  by 1 - 2 4 ( z )  in eq 1 for the potential 
u(z) .  Parts A and B of Figure 4 give the profiles of parts 
C and D of Figure 3 for N = 100, together with the results 
for the case that ( @ ( z ) )  is set equal to $(z ) .  For the 8- 
solvent (Figure 4A) the two (solid) curves are virtually the 
same. For the bad solvent (x = 1; Figure 4B) the more 
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Figure 5. Segment potential energy profiles u(z)  for grafted 
chains of 600 segments and grafting density 0.1 in different 
solvents: x = 0, 0.5, 0.6, 0.75, and 1.0 (indicated). Dashed 
curves: analytical predictions. Solid curves: lattice calculations. 
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Figure 6. Effect of grafting density u on the volume fraction 
profiles 4 ( z )  according to the analytical theory (dashed curves) 
and the lattice model (solid curves). Parameters: Ng = 600, x 
= 0; u = 0.01, 0.1, and 0.28 (indicated). 

approximate result is in slightly better agreement with 
the analytical predictions. However, a relatively large 
deviation still remains, which must be due to the Newton 
approximation. 

Figure 5 shows segment potential energy profiles of a 
chain of 600 segments in solvents of various strengths (x 
= 0, 0.5, 0.6, 0.75, and 1.0). As with the volume fraction 
profiles, very good agreement is found between predictions 
from the analytical theory and lattice calculations, except 
a t  the grafting surface and at  the periphery of the layer. 
For worse than 8-solvents the volume fraction profile has 
a discontinuity a t  z = H. This discontinuity is caused by 
a jump in the potential profile from u = -In (1 - qYb) - 2 ~ 4 ' ~  
(the value of the potential a t  the periphery of the grafted 
layer; see eqs 23 and 25) to u = 0 (the bulk solution, in this 
case pure solvent, being taken as the reference state for 
the segment potential). As +'b is the equilibrium volume 
fraction on the coexistence curve, the chemical potential 
of the solvent remains constant in the neighborhood of H. 
The form of the curves is the same in all cases. The curves 
are shifted in the vertical direction only, reflecting a shift 
in the reference potential. 

Decreasing the grafting density also gives less extended 
layers as is illustrated in Figure 6, where volume fraction 
profiles are given for u = 0.01, 0.1, and 0.28. In all three 
cases N g  = 600 and x = 0. Although near the grafting 
surface and at  the outer boundary of the grafted layer the 
relative deviation between the two theories indeed in- 
creases with decreasing u, the absolute differences remain 
roughly the same. For u = 0.28 the lattice model predicts 
a volume fraction profile that is slightly stronger curved 
than is predicted by the analytical model. For the limiting 
case that the grafting denisty is unity the lattice model 
must give a step function profile (4 = 1 for z I N and 4 
= 0 for z > N). We note that for these long chains a grafting 
density as high as even 0.1 is not easily reached in real 
systems. For example, adsorbed block copolymers typ- 
ically give far lower densities.26 The grafted amount in 
equivalent monolayers of segments, uNg, varies from 168 
for Q = 0.28 down to a more reasonable value of 6 for u = 
0.01. 
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Figure 7. Distribution function of free ends, &(t,N) N,, for 
chains of 600, 100, 50, and 25 segments and grafting density u 
= 0.1, according to the analytical theory (dashed curves) and the 
lattice model (solid curves): (A) in an athermal solvent; (B) in 
a 0-solvent. 

So far, we have only compared the overall volume 
fraction profiles predicted by both theories. End-segment 
distribution profiles are plotted in Figure 7A for an ather- 
mal solvent and in Figure 7B for a 8-solvent. Again, we 
use the reduced height (t = z / H )  as the abscissa in order 
to represent the curves for different chain lengths in one 
figure. Moreover, we have multiplied ~ $ ~ ( z , i V j  by Ng; Le., 
the areas under the curves are all the same. As was the 
case with the total volume fraction profile, the agreement 
between the analytical theory and the lattice model 
becomes better for longer chain lengths. The most striking 
feature when comparing parts A and B of Figure 7 is the 
far better agreement for long chains in an athermal solvent 
compared to a 8-solvent. However, this is mainly due to 
a difference in approximation. The results for the ather- 
mal solvent have been calculated using eq 38 with 4; = 0. 
This is an exact expression for &(z,iVj within the strong- 
stretching limit. Such an expression for 8-solvents is not 
available. Therefore, the results for the 8-solvent were 
calculated using eq 29, which was derived using the virial 
expansion of f [ @ ( z ) I .  In spite of this approximation, it is 
clear that we expect a finite end-segment volume fraction 
throughout the layer, also near the grafting surface, even 
if the grafting density is high and irrespective of the solvent 
strength. 

We conclude by discussing the case of a grafted polymer 
layer immersed in an athermal solution of short mobile 
chains of a chemical nature identical to the grafted 
polymer. Parts A and B of Figure 8 show volume fraction 
profiles versus reduced height t for 4; = 0.1 and 0.5, 
respectively, with Nf = 10, u = 0.1, and different values 
of NB. Increasing the bulk volume fraction @:of the mobile 
chains compresses the grafted layer from H = 67 in Figure 
8A to H = 48 in Figure 8B. Just as for grafted layers 
immersed in pure solvent, longer chain lengths of the 
grafted polymer give a better agreement between the 
analytical predictions and the lattice model. It is seen in 
Figure 8B that the mobile chains are able to penetrate 
throughout the grafted layer. This is due to their short 
length in comparison with the grafted polymer. The 
mobile polymer of the same chain length as the grafted 
polymer would only penetrate partly into the grafted 
layer.27-28 

5. Conclusions 
Very good agreement is found between the analytical 

theory and the lattice calculations. Only at  low grafting 
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a computer. Obviously, since the volume fraction of 
grafted polymer, ~ , ( Z , S ) ,  is on the order of unity, the 
product of these quantities must be near unity; see eq 11. 
The numerical overflow and underflow can be avoided by 
proper scaling. First, we realize that G(z,s) may be very 
small at small z and that it is unity for large z ,  i.e., in the 
bulk, but that we need only the initial part of the curve 
because in eq 11 G(z,s) is multiplied by G,(z,s), which is 
zero for z > s. Consequently, the quantities G(z,N-s+l) 
for z > s are irrelevant and may be set to zero. This 
eliminates the largest values and enables a substantial 
rescaling of the relevant section of G(z,s). 

Consider the extreme case of straight chains (when the 
grafted density u = 1). Each segments would be in layer 
z = s. Mathematically, 4,(z,s) = 1 if z = s and &(z,s) = 
0 if z # s. Then, the only relevant quantities would be 
G(N-s+l,s) and G,!s,s). In the following procedure we 
normalize the distribution functions so that these most 
important quantities are of order unity. 

Define scaled distribution functions &,s) and Gg(z,s) 
as 

0 Q 

0 2 -  
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Figure 8. Volume fraction profiles of a grafted layer (Ng = 200, 
50, and 25; u = 0.1) immersed in an athermal solution of short 
mobile polymers (Nf = 10) of a chemical identical nature. Dashed 
curves: analytical theory. Solid curves: lattice model. Bulk 
volume fraction of the mobile polymer: (A) @: = 0.1; (B) 4; = 
0.5. 

densities of short chains in a poor solvent considerable 
deviations are found between the two approaches because 
of the breakdown of the Newton approximation (strong 
chain stretching limit) in the analytical theory. The 
derivation of elegant expressions for the layer structure 
by expanding the density of free energy of volume 
interactions in a virial series, as was done in ref 5, is only 
valid for relatively low grafting densities (see Figure 1). 
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Appendix 1 
Iteration Scheme for the Lattice Model. As we have 

only one type of segment and one solvent, our iteration 
scheme can be quite simple (Evers et al. give a general 
scheme for systems with more than one different segment 
type). For a given set of values of u(z), G(z) = exp(-u(z)) 
is calculated and, from these Boltzmann factors, the volume 
fraction profile of grafted and free polymer is found (using 
eqs 3-11). The volume fraction, 4&), of solvent in layer 
z is obtained from eq Al: 

4,(z) = (1 - 4b) exp{-u(z) + ~ ( ( 1 -  2 ~ ) )  - 1 + 24’11 
(AI) 

Thus, for given values of u(z), the volume fractions of 
grafted polymer, #,(z), of free polymer, M z ) ,  and of solvent, 
+&), can be calculated. In each layer z the sum of these 
volume fractions should obey the boundary constraint: 

F(z )  = d,(z) + & ( Z )  + 4,(z) - 1 = 0 (A2) 
The objective functions F(z )  form a set of M simultaneous 
equations (one for each layer) in M unknown potentials 
u(z).  This set can be solved by standard numerical 
methods, e.g., using the Fortran program of 

Computational Aspects for Grafted Chains. For 
long chains and highgraftingdensities, i.e., when thechains 
are strongly stretched, the potentials u(z) are high and 
G(z) = exp(-u(z)/kT) is smaller than unity. As G(z) is 
recursively applied in eqs 4 and 10, the values of G(z,s) 
and G,(z,s) become extremely small for large s while the 
normalization constant C, = u/CG,(z,W becomes very 
large, easily exceeding the available numerical range on 

where c(s) and cg(s) are introduced to com ensate the low 

Gg(s,s) remain on the order of unity. For example, set c(s) 
and cg(s) equal to unity for s = 1 and c(s) = l/Q(N-s+l,N- 
s+l) and cg(s) = l/G,(s-l,s-l) for s > 1. Essentially, eqs 
A3 and A4 replace eqs 4 and 10, respectively. The relations 
between the scaled and unscaled quantities are 

values of G(z) and are chosen so that B (N-s+l,s) and 

8 

otherwise 
and 

S 

G,(z,s) = G,(z,s)nc,(s’) (A6) 

but the functions G(z,s) and G,(z,s) are not used. The 
factors c(s) and cg(s) are not too far from unity, while the 
multiple products in eqs A5 and A6 may be very large. 
The next step is to compute the scaled distribution function 
4,(z,s) of segment s 

Jg(z,s) = Qg(z,s) Gf(zJV-s+U/G(z) (A71 

8~ 

and normalize it to obtain $g(z,s) 

This scheme applies only to grafted chains. For free chains 
the function G(z,s) is especially relevant for large values 
of z and does not need to be scaled. 

Appendix 2 
Iteration Scheme for Solving Equation 25. This 

method consists of a pair of n_ested loops. In the main 
iteration loop the variable 4 is adjusted until 4 - 
J:,,,@(t) dt < e, where e can be chosen as an arbitrarily 
small number. We have used t = lo+. The function #( t )  
is obtained in a subiteration which solves d ( t )  for a series 
of 
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t values, using eq 25 and the current value of 4. From the 
values of $(t)  the integral Jf,o$(t) d t  can be approximated. 
For example, if $(t)  is known at t’ = 6, 36, 56, ..., 1 - 6, 
where 6 is a sufficiently small number, the integral is 
approximately 26Ct/$(t’). Our results are obtained with 
6 = 10-4. 
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